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Introduction
Let X be a smooth projective surface defined over C and H an ample line bundle on X. If K X is trivial, Mukai [M3] introduced a quite useful notion called Mukai lattice (H ev (X, Z), , ), where H ev (X, Z) = ⊕ i H 2i (X, Z). For a coherent sheaf E on X, we can attach an element of H ev (X, Z) called Mukai vector v(E) := ch(E) √ td X , where td X is the Todd class of X. We denote the moduli space of stable sheaves E of v(E) = v by M H (v). If H is general (i.e. it does not lie on walls [Y1] ) and v is primitive, then M H (v) is a smooth projective scheme.
If X is a K3 surface and v is primitive, then M H (v) is extensively studied by many authors. In particular, in many cases, M H (v) is an irreducible sympletic manifold and the period of M H (v) is written down in terms of Mukai lattice ( [Mu3, 5] , [O] , [Y4] ).
In this paper, we shall treat the case where X is an abelian surface. In [Y2] , we studied H i (M H (v), Z) i = 1, 2 under some assumptions on v. We also constructed a morphism a : M H (v) → X × X and proved that a is an albanese map for v 2 ≥ 2, where X is the dual of X. In this paper, we shall consider the fiber of albanese map under the same assumptions on v in [Y2] (cf. Theorem 0.1). If v 2 = 0, then Mukai showed that M H (v) is an abelian surface (see [Mu5, (5.13)] ). In this case, a is an immersion. If v 2 = 2, then Mukai [Mu1] and the author [Y2, Prop. 4 .2] showed that a : M H (v) → X × X is an isomorphism. Hence we assume that v 2 ≥ 4. Let K H (v) be a fiber of a. Then dim K H (v) = v 2 − 2. Hence if v 2 ≥ 6, then dim K H (v) ≥ 4. In this case, we get the following, which is an analogous result to that for a K3 surface.
Theorem 0.1. Let X be an abelian surface. Let v = r + ξ + aω ∈ H ev (X, Z), ξ ∈ H 2 (X, Z) be a Mukai vector such that r > 0, r + ξ is primitive and v 2 ≥ 6, where ω is the fundamental class of X. Then for a general ample line bundle H, K H (v) is an irreducible symplectic manifold and
is an isometry of Hodge structures.
For the definition of θ v , see preliminaries. Our theorem shows that Mukai lattice for an abelian surface is as important as that for a K3 surface. As an application of this theorem, we shall show that for some v, M H (v) is not birationally equivalent to Y × Hilb n Y for any Y ( Example 1). In section 1, we collect some known facts which will be used in this paper. Since the canonical bundle of M H (v) is trivial, M H (v) has a Bogomolov decomposition. We shall also construct a decomposition which will become a Bogomolov decomposition for M H (v).
In section 2, we shall prove Theorem 0.1. We shall first treat rank 1 case. In this case, K H (v) is the generalized Kummer variety K n−1 constructed by Beauville [B] , where v 2 /2 = n. Hence Theorem 0.1 follows from Beauville's description of H 2 (K n−1 , Q) and some computations. For higher rank cases, we shall use the same method as in [Y2] . More precisely, we shall first treat the case where X is a product of two elliptic curves. In this case, we constructed a family of stable sheaves E of v(E) = v in [Y2] . Then it induces a birational map X × Hilb n X · · · → M H (v), and hence we get a birational map from the generalized Kummer variety K n−1 to K H (v), where n = v 2 /2. By the description of θ v (x), x ∈ v ⊥ in [Y2] , we get our theorem for this case. For general cases, we shall use deformation arguments as in [G-H] , [O] and [Y2] .
In section 3, we shall treat the remaining case. In this case, we shall prove that K H (v) is isomorphic to a moduli space of stable sheaves on the Kummer surface associated to X.
In appendix, we shall explain a more sophisticated method to prove Theorem 0.1 at least for r = 2. In the K3 cases, we know that isometries of Mukai lattice are quite useful to compute period of moduli spaces [Mu3] , [Y4] . Hence it is also important to study isometries in our cases. Fourier-Mukai transforms are good examples of isometries [Mu4] . Thanks to recent results of Bridgeland [Br] on Fourier-Mukai transforms, we can replace our computations in [Y2] to a simple calculation (Proposition 4.3) for ≥ 3. Thus we get another proof of our theorem for r = 2.
Preliminaries

Notation.
Let M be a complex manifold. For a cohomology class x ∈ H * (M, Z), [x] i ∈ H 2i (X, Z) denotes the 2i-th component of x.
Let p : X → Spec(C) be an abelian surface or a K3 surface over C. We denote the projection S × X → S by p S . In this paper, we identify a divisor class D with associated line bundle O X (D).
1.1. Mukai lattice. We shall recall the Mukai lattice [Mu3] . Definition 1.1. We define a symmetric bilinear form on H ev (X, Z) := ⊕ i H 2i (X, Z):
where
be the homomorphism sending x to x 0 − x 1 + x 2 ∈ H ev (X, Z). We call this lattice Mukai lattice.
For a coherent sheaf E on X,
is the Mukai vector of E, where ω is the fundamental class of X and ε = 0, 1 according as X is of type abelian or K3. Then Riemann-Roch theorem is written as follows:
where E and F are coherent sheaves on X.
For an abelian surface X, Mukai lattice has a decomposition
where U is the hypabolic lattice.
1.2. Moduli of stable sheaves. Let X be an abelian or a K3 surface, and H an ample line bundles on X.
is smooth of dimension v 2 + 2 and has a symplectic structure. We set
where E is a quasi-universal family of similitude ρ. For a line bundle L on X, let T L : H ev (X, Z) → H ev (X, Z) be the homomorphism sending x to x ch(L). Then T L is an isometry of Mukai lattice and satisfies that
From now on, we assume that X is an abelian surface. Let X be the dual abelian variety of X and P the Poincaré line bundle on X × X. For an element
We set a := α × det. Then the following hold [Y2, Thm. 3.1, 3.6].
2 Theorem 1.1. Let v = r + ξ + aω, ξ ∈ H 2 (X, Z) be a Mukai vector such that r > 0 and r + ξ is primitive. We assume that dim M H (v) = v 2 + 2 ≥ 6. Then for a general ample line bundle H, the following holds.
(1) θ v is injective.
(2) a is the albanese map.
Let v be the Mukai vector in Theorem 1.1. We set K H (v) := a −1 ((0, 0)). We shall construct anétale covering such that a becomes trivial. By Theorem 0.1, it will become a Bogomolov decomposition of M H (v).
Let D(X) and D( X) be the derived categories of X and X respectively. Let S : D(X) → D( X) be the Fourier-Mukai transform in [Mu4] , that is, S(
For a line bundle L on X, we setL := det(S(L)). Then the following relations hold.
So it is sufficient to prove the first equality. By [Mu1, (3 
. Therefore the first equality holds.
We define a morphism Φ :
(1.7)
Proof. We shall only prove the first equality. By [Mu1, (3 
= a, and hence we get the first equality.
, where n = v 2 /2. Let ν : X × X → X × X be the n times map and we shall consider the fiber product
We can easily show that this morphism is injective, and hence it is an isomorphism.
Remark 1.1. If (c 2 1 )/2 and r are relatively prime, then [Y2, Prop. 4 
We shall consider the pull-back of a :
For simplicity, we also denote the homomorphism
( 1.9) 1.3. Beauville's bilinear form. Let M be an irreducible symplectic manifold of dimension n. Beauville [B] constructed a primitive symmetric bilinear form
Up to multiplication by positive constants,
where φ is a holomorphic 2 form with M φ n φ n = 1. For λ, x ∈ H 2 (M, C), the following relation holds [B, Thm. 5] .
2. Proof of Theorem 0.1 2.1. Generalized Kummer variety. In this subsection, we shall recall Beauville's results [B] on generalized Kummer varieties. Then Theorem 0.1 for r = 1 follows from his results and simple calculations. Let X be an abelian surface. Let π : X n → X (n) be the n-th symmetric product of X. We set
is the Kummer surface associated to X and if n ≥ 3, then K n−1 := a −1 (0) is the generalized Kummer variety constructed by Beauville [B] . K n−1 is an irreducible symplectic manifold of dimension 2(n − 1).
We assume that n ≥ 3. For integers i, j, k, we set
. Let E i,j := β −1 (∆ i,j ) be the exceptional divisor of β and e i,j := β −1 (∆ i,j ∩ N ).
is injective and im ϕ ⊂ β * (H 2 (N, Z)), we shall prove that the image of f :
Sn is a primitive submodule of H 2 (N, Z). Let φ : X ×X → N be the morphism such that φ((x, y)) = (x, y, 0, . . . , 0, −x− y) ∈ N . We shall consider the composition g :
Hence im g is a primitive subspace of H 2 (X × X, Z). Therefore im f is primitive.
We shall prove that θ v preserves the bilinear forms. Since v = 1 − nω, we get that
Hence we shall prove that
and σ * (ω) are the same. Hence we see that
(2.4)
In the same way, we see that
(2.5) By (1.12), we obtain that
We shall next compute q K n−1 (e). We note that γ −1 (π(∆ 1,2 )) = 2e. Let ι :
Since the Poincaré dual of (ι(l)) 2n−4 ι(x), x ∈ H 2 (X, Z) (resp. (ι(l)) 2n−4 ) is a 2 cycle (resp. 4 cycle) of X (n) , the intersection with π(∆ 1,2 ) is 0 (resp. finite points).
Let σ ′ : X n−1 = ∆ 1,n → X be the restriction of σ to the diagonal ∆ 1,n . We set µ ′ = 2 4 p * 1 (ω) +
In the same way, we see that the ⊕ i<j p * i H ev (X, Z) ⊗ p * j H ev (X, Z)-components of σ * (ω) and µ ′ are the same. Since E i,j is the exceptional divisor of β, β * ((E i,j ) |E i,j ) = −∆ i,j . Hence we see that
Thus e is orthogonal to H 2 (X, Z) and
By (2.6) and (2.8), we get (2.3).
Proposition 2.2 (Beauville)
General cases.
We shall first treat the case where X is a product of two elliptic curves, and by deformation arguments, we shall treat general cases. Let X be an abelian surface which is a product of two elliptic curves C 1 , C 2 . Let f i , i = 1, 2 be the ample generator of H 2 (C i , Z). Let (r, d) and (r 1 , d 1 ) be pairs of integers such that r > r 1 > 0 and dr 1 − rd 1 = 1. We set v = r + df 2 − (r − r 1 )nf 1 − (d − d 1 )nω. We shall choose an ample divisor H = f 2 + mf 1 , m ≫ 0. In [Y2, sect. 3 .2], we constructed an immersion B ∆ (X n )/S n → M H (v) which is an isomorphism in codimension 1. Hence we get an isomorphism
It also induces a birational map (K n−1 ) * → K H (v) which is an isomorphism in codimension 1. Thus we get an isomorphism
. We assume that r ≥ 2r 1 . In the notation of [Y2, sect. 3 .1], θ v (x) = −κ 2 (x ∨ ). Hence [Y2, (3.19) , (3, 20) ] are written down as follows:
(2.11)
By simple calculations, we get that          x 1 = r 1 y 1 + ry 3 x 2 = −nr 1 y 1 − ry 2 − n(r + r 1 )y 3 − (r − r 1 )y 4
(2.12)
By the definition of v ⊥ , x belongs to v ⊥ if and only if y 4 = 0. Hence we obtain that
(2.13) Lemma 2.3. Under the same assumptions on X, let v = r + (df 2 + sf 1 ) + aω be a Mukai vector such that (r, d) = 1 and v 2 = 2n ≥ 4. We set H := f 2 + mf 1 , where m is a sufficiently large integer. Then K H (v) is an irreducible symplectic manifold and
is an isometry of Hodge structures for n ≥ 3.
Proof. We shall choose a pair of integers (r 1 , d 1 ) such that r > r 1 > 0 and dr 1 − rd 1 = 1. We first assume that r ≥ 2r 1 . Since v 2 = 2(ds − ra) = 2n, there are integers s 1 , a 1 such that
is an irreducible symplectic manifold and θ v ′ is an isometry, combining (1.4), the assertions hold for K H (v) with r ≥ 2r 1 . If r < 2r 1 , then we shall replace v by v ∨ . Since
, this case can be reduced to the first case.
We shall treat general cases. Twisting by some ample line bundles, we may assume that ξ belongs to the ample cone. The following argument is the same as that in [Y2, Prop. 3.3] . Let f : (X , L) → T be a family of polarized abelian surfaces over a connected curve T such that NS(X t ) = ZL t for some t ∈ T . Let v := r + dL + aω ∈ R ev f * Z be a family of Mukai vector such that (r, d) = 1. By [Y2, Prop. 3 .3], we can construct a proper and smooth family of moduli spaces M X /T (v) → T and a family of albanese maps a T : M X /T (v) → X × T P ic 0 X /T . Since X → T is projective, we can also construct a family of homomorphisms (θ v 
X /T be the 0-section of f , and we set K X /T (v) := a −1
is an isometry of Hodge structures. Then every fiber of a is irreducible symplectic and (θ v ) t is an isometry of Hodge structures. We note that moduli of (1, n)-polarized abelian surfaces is irreducible. Applying this assertion, we can reduce to the case where X is a product of elliptic curves. Applying Lemma 2.3, we get Theorem 0.1.
The following example is similar to [Mu5, 5.17] .
Example 1. Let X be an abelian surface with NS(X) = ZH, (H 2 ) = 2. We set v = 2 + H − 2ω. Then M H (v) is a variety of dimension 12. It is easy to see that v ⊥ is generated by α := 1 + ω and β = H + ω. Since
3. The case of v 2 = 4
In this section, we shall treat the remaining case, that is, v 2 = 4. In this case, K H (v) is a K3 surface. We shall determine this K3 surface. Let v = r + ξ + aω, ξ ∈ H 2 (X, Z) be a Mukai vector such that r + ξ is primitive and v 2 = 4. Replacing v by v ch(H ⊗m ), m ≫ 0, we may assume that ξ belongs to the ample cone. Let ι : X → X be the (−1)-involution of X and x 1 , x 2 , . . . , x 16 the fixed points of ι. Let π : X → X be the blow-ups of X at x 1 , x 2 , . . . , x 16 and E 1 , E 2 , . . . , E 16 the exceptional divisors of π. Let q 1 : X → X/ι be the quotient map. Then the morphism q 1 • π : X → X/ι factors through the quotient X/ι of X by ι : X q 2 → X/ι ̟ → X/ι. Km(X) := X/ι is the Kummer surface associated to X and ̟ : X/ι → X/ι is the minimal resolution of X/ι. We set C i := q 2 (E i ), i = 1, 2, . . . , 16.
We may assume that H is symmetric, that is,
is an ample line bundle on Km(X). We shall fix a sufficiently large integer m. Let w = r + c 1 + bω ∈ H ev (Km(X), Z) be an isotropic Mukai vector. We shall consider moduli space M Lm (w). By Mukai [Mu3] , M Lm (w) is not empty. By our assumption on L m , M Lm (w) consists of µ-stable sheaves. Indeed, for a µ-semi-stable vector bundle F of v(F ) = w + kω, k ≥ 0, q * 2 (F ) is a µ-semi-stable vector bundle on X with respect to
Since m is sufficiently large and H is a general ample line bundle, q * 2 (F ) is a µ-stable vector bundle. Hence F is a µ-stable vector bundle, which implies that M Lm (w) consists of µ-stable sheaves. Since dim M Lm (w) = w 2 + 2 = 2, every member of M Lm (w) is locally free. Moreover general members F of M Lm (w) are rigid on each (−2)-curves C i .
Lemma 3.1. We set N (w, i) := {F ∈ M Lm (w)|F |C i is not rigid}. Then N (w, i) is not empty if and only if r| deg(F |C i ). Moreover if N (w, i) is not empty, then N (w, i) is a rational curve.
Proof. We assume that F |C i is not rigid. We set a 1 − 1) ). By the choice of L m , F ′ is also µ-stable. Hence −2 ≤ −2n 1 ( j≥2 n j (a j − a 1 − 1)). Since F is not rigid, j≥2 n j (a j − a 1 − 1) > 0. Thus n 1 = j≥2 n j (a j −a 1 −1) = 1. Therefore we get that
In this case, v(F ′ ) 2 = −2, and hence F ′ is a unique stable vector bundle of v(
It is not difficult to see that the choice of inverse transformations is parametrized by P 1 . Therefore N (w, i) is a rational curve.
We shall consider the pull-back q * 2 (F ) of a general member F . Since
. Hence π * (G) is a stable vector bundle on X. So we get a rational map f :
Since M Lm (w) is a K3 surface, the image of M Lm (w) belongs to a fiber of a. Since q * 2 (F ) is a stable, and hence a simple vector bundle and ι has fixed points, ι-linearization on F is uniquely determined by q * 2 (F ). Hence f is generically injective. By a simple calculation, we get that
(3.1)
Hence if v(G) 2 = 4, then the fiber of a is isomorphic to M Lm (w).
Conversely for a Mukai vector v
− 2ra = 4, we shall look for such a vector w ∈ H ev (Km(X), Z). We shall divide the problem into two cases.
Case (I). We first assume that r is even. In this case, d must be odd. By the condition (c), (N 2 ) = 2n is divisible by 4. Thus n is an even integer. In this case, replacing N by N ⊗ P with P ⊗2 ∼ = O X , we may assume that N has a ι-linearization which acts trivially on the fibers of N at exactly 4 points (cf. Rem. 7.7] ). Replacing the indices, we assume that the 4 points are x 1 , x 2 , x 3 , x 4 . We set
i≥5 E i ) and N 2 := N 1 (−rE 1 ). Then for suitable linearizations, N 1 and N 2 descend to line bundles ξ 1 and ξ 2 on Km(X) respectively. By simple calculations, we get that
2 ) = r(a − 2r + 1).
(3.2)
We set
Then we get that w 2 = 0. Let F be a general stable vector bundle of v(F ) = w. By the choice of ξ 1 and ξ 2 , the restriction of
, where k i = (r − 2)/2 for 1 ≤ i ≤ 4 and k i = r/2 for i ≥ 5. Then by (3.1), we get that v(π * (G)) 2 = 4. Since rk(π * (G)) = r and c 1 (π * (G)) = dN , v(π * (G)) must be equal to v. Therefore K H (v) is isomorphic to M Lm (w).
Case (II). We assume that r is odd. Replacing v by v ch(N ), we may assume that d is even. We set
Then for a suitable linearization, N 1 descend to a line bundle ξ on Km(X). By a simple calculation, we get that (ξ 2 ) = r(a − 2r + 4). Since d is even and r is odd, condition (c) implies that a is an even integer. We set v := r + ξ + {(a − 2r + 4)/2}ω. Then we get that v 2 = 0. In the same way as above, we see that v(π * (G)) = v, which implies that
Theorem 3.2. Let v = r + ξ + aω ∈ H ev (X, Z) be a Mukai vector such that r > 0, r + ξ is primitive and v 2 = 4. Let Km(X) be the Kummer surface associated to X. Then there is an isotropic Mukai vector w ∈ H ev (Km(X), Z) and an ample line bundle
Remark 3.1. By the choice of k i , if r > 2, then N (w, i) is empty. Thus f is a morphism. If r = 2, then N (w, i), 1 ≤ i ≤ 4 is not empty and these closed subset correspond to the closed subset N (v, i) := {G ∈ K H (v)|G is not locally free at x i }.
appendix
In this appendix, we shall explain another method to prove Theorem 0.1. Let (X 1 , X 2 , P) be a triple of surfaces X 1 , X 2 and a coherent sheaf P on X 1 × X 2 such that K X 1 and K X 2 are trivial, P is flat over X 1 and X 2 , and P is strongly simple over X 1 and X 2 (see [Br, sect. 2] ). We denote the projections
By Grothendieck Riemann-Roch theorem, the following diagram is commutative.
Proof. 
(4.5)
Hence F(x) ∈ H ev (X 2 , Z).
Let H and H ′ be ample divisors on X 1 and X 2 respectively, and v ∈ H ev (X, Z) a Mukai vector. Let U be an open subscheme of M H (v) such that WIT i holds for E ∈ U and R i p 2 * (P ⊗ p * 1 (E)) belongs to M H ′ (w), where w = (−1) i F H (v). We assume that codim M H (v) (M H (v) \ U ) ≥ 2 and U → M H ′ (w) is birational. We denote the image of U by V . We set U = X 0 and we denote projections U × X 1 × X 2 → X i and U × X 1 × X 2 → X i × X j by q i and q ij respectively. We also denote the projection U × X i → U by r i and the projection U × X i → X i by s i . Let E be a quasi-universal family of similitude ρ on U × X 1 . By the identification U → V , R i q 02 * (q * 12 P ⊗ q * 01 E) becomes a quasi-universal family of similitude ρ on V × X 2 . Proposition 4.3. F H induces an isometry v ⊥ → w ⊥ and the following diagram is commutative.
where K H (v) is a fiber of an albanese map M H (v) → Alb(M H (v)). In particular, if K H (v) is irreducible symplectic, then θ v is an isometry of Hodge structures if and only if θ w is an isometry of Hodge structures.
Proof. The first assertion follows from Lemma 4. (4.7)
Since F H • F H = 1 H ev (X 1 ,Z) , we get (4.6).
Let π : X → C be an elliptic K3 surface or an elliptic abelian surface. Let f be a fiber of π and σ is a section of π. We set v = r + (σ + kf )+ aω ∈ H ev (X, Z). We shall choose a polarization H = σ + nf, n ≫ 0. By using Fourier-Mukai transformations, Bridgeland [Br] By deformation arguments which are more complicated than those in 2.2, we can reprove Theorem 0.1 for r ≥ 3.
